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In a recent paper, D. Hajela and P. Seymour proved that for O~-bt~-b~ 1, ~t=(Iog~ 3)/2, 

b~b] +(1 - b0"b~ +(1 - ba)~(l - b~)'_~ 1, 

and drew from this inequality a variety of interesting results in combinatorial geometry. They also 
conjectured a generalization of the inequality to n variables, which they showed to imply a lower 
bound on the number of different sequences obtained when members of n sets of zero-one sequences 
are added to one another. 

We prove their conjecture, not easy to verify even for small values of n, using complex-variable 
theory. 

Introduction 

In a recent  pape r  [1], D.  Ha je la  and  P. Seymour  der ived a variety o f  interest ing 
results  in combina to r i a l  geomet ry  f rom the inequal i ty  

[b,bz] ~ + [(1 - ba)bz] ~ + [(l - bx)(l  - b~.)]" ~ l, 

which they es tabl ished for  a = ( l o g 2  3)/2 and  O<=bl<-b~<=l. (This inequal i ty  a lso  
a p p e a r e d  in [3], wi th  s imilar  appl ica t ions . )  They  then conjec tured  the t ru th  o f  the  
fol lowing genera l iza t ion  : i f  0 =< bx =< bz <=... <= b. <= l ,  ct = n -  1 log2 (n + l) ,  and  

f n (b l  . . . . .  b,; a) = [blb~...b,] ~ +[(1 - bl)b~...b.] ~ +[(1 - b 0 ( I  - be)ha...b,] ~ + . . .  

( l )  ... + [ ( I  - b O O  - b 2 )  ... (! - b , ) ]  ", 

then 

(2) f , ~ l .  

On  the basis of(2), they conc luded  that  i f  A i is a set o f  vert ices o f  the unit  cube (i.e., o f  
sequences whose  entr ies a re  0 o r  1), [A~I denotes  the  ca rd ina l i ty  o f  Ai,  and  A~ + A j  is 
the  set o f  al l  sums o f  an e lement  f rom A~ and  one f rom A~, then 

[ A I + A 2 + . . . A , [  ~ ([A~I[A2[ ... IA,{) "-q°~¢"+')  

But even a p a r t  f rom its appl ica t ions ,  the conjecture ,  which was open  a l r eady  for 
n = 3, presents  an enticing ana ly t ic  chaUenge. W e  establ ish it here  in a sl ightly more  
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general form by proving that, for any ~>0,  f ,  is minimized by choosing the b~ to be 
either I/2 or I. Specifically, we show that 

(3) rnin f ,  (bl . . . . .  b,,; ct) = min [ 1, (n + 1 ) 2-"~]. 
0-~- bl... -~b~ ~1 

Since the inequality seems to be a matter of real variables, it is perhaps surprising that 
our proof is based on conformal mapping and Hadamard's three-circle theorem. 

Acknowledgement. We are grateful to J. C. kagarias for having brought this problem 
to our attention. 

Discussion and Proofs 

We begin by showing that the mininlizing {bi} can be presumed to lie in half 
of the unit interval. 

Lemma 1. Let o~>O,O~bl~. . . : -b , ,~ l ,  and f ,  be defined by (1). In the problem of  
minhnizing f ,  by choice q f  {b~}, it is su~'cient to consider 1/2 ~- b1~- ... ~-b,,<= 1. 

Proof. We will show that we do not increase the value o f f ,  if we replace {b~} by {b;}, 
obtained by reflecting those b; in (0. 1/2) into (1/2, 1) by the map b~-~l-b~, and 
reordering the resulting sequence. We argue by induction. The assertion is evidently 
true when n = l .  Assuming it to be true for n - I ,  we consider it for n. We may 
suppose that 

(4) I - b ,  -~ b,, 

for otherwise we can reflect all the points {b;} by setting bT= 1 -b ,+~_i ;  this trans- 
lbrmafion does not change the value of f , ,  and produces (4). But when (4) holds, b, 
remains the largest point even after each bl in (0, 1/2) has been replaced by 1 --b~, and 
so the subsequent reordering does not affect it. Thus the reflection and reordering 
procedure operates only on b, . . . . .  b,_a. On writing 

f .  =f~_,b]  + [ ( I -bz )  . . .  ( l -  b,,_,)]'(1- b.)', 

we see, by the induction hypothesis, that the reflection and reordering can only 
decreasef._ ~, and likewise only lower the distances {1 -b~}. Thusf .  is not increased. 
as was to be shown. | 

In view of Lemma I we henceforth assume that all the b~ lie in [1/2, 1], and we 
begin by considering the minimum o f f .  as we vary the largest of the b~ over its per- 
mitted domain, keeping the remaining ones fixed. Accordingly, suppose that, for 
k ~ l ,  the k last b i coincide, b._k+~=b._k+~ . . . .  =b,,=b, and that we wish to mini- 
mize f .  for 

(5) 1/2 ~< bn_ k ~ b ~ 1. 

We have 

f,(bx, ..., b,_ k, b . . . .  , b; c~) _- (1 + A ) b k ' + ( l -  b)'b(k-~)'+... + ( 1 -  b) ~', 
(1-b~)" ... ( 1 -  b,_k) ~ 
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with 

I + A = J' ,-k(bl . . . .  , b,,-k; ~) 

sO that ( l - b 1 ) "  ... ( 1 - b , , _ a )  ~ ' 

(6) A =~ 0. 

Letting b~=x,  (l - b y = y ,  the problem becomes to minimize 

g(x, y) -= ([ + A ) x ~ + x k - - l y + . . . + y k  

over the curve x ~ / ' + y  ~/~ = l, in that part of the positive quadrant where 

(7) = b~_k< x ~- 1. 

Since 1 /2~-b , , _k , y~x  in this region; let us denote by A the arc of x~/ '+y~/~: t  
which lies in y ~ x .  We now take advantage of the homogeneity of g(x, y) by intro- 
ducing the homothetic family of level curves 

(8) F, = {(x, y) lg(x ,  y) = c}, 

in terms of which the problem is to find the least c for which F, intersects A in the 
range (7). To obtain more information about such intersections, we find the slope 
dy/dx or~ F, by implicit differentiation 

dy I(~.y)~r = - (1 + A ) k x  ~-~ + ( k -  1)xk-2y+... +yk- ,  
dx  " xk-J + 2yxk-" +. . .  +k.v k ~ ' 

and, parametrizing F~ by 2 = y / x ,  we obtain 

(ga) dy  (1 + A)k  + ( l ( -  1)2+... + ),g-~ 
dx ],~.y)~r = I +22+ . . .  + k 2  k-~ 

Proceeding analogously with A yields 

dy 1 
(9b)  ~ [ ( ~ , ) , ) ~ j  - ; t o ,  0 = ~ - t _  1. 

The relation between these slopes is given by the following result of independent 
interest. 

T h e o r e m  1. Suppose 0~ao-<-aa~ . . .~a ,~0 ,  and let 

ao +aaz +. . .  + a , z  ~ 
h . ( z )  - 

a , + a , _ l z  + ... + a o ~  " 
(io) 
Then 
a) h, (z) is analytic in [z[ _--- 1 ; 
b) h,(z)  takes [z[_--<l into itself, 
c) h . (x )=max Ih.(z)l, 0~x-_<l. 

Izl =x 

Proof. We proceed by induction. Let C. denote the collection of functions having 
the form (10), with some monotone sequence of coefficients {ak}, O<=k<=n. If  
h~E C~, ha(z) is the linear fractional transformation 

12 + z O ~= p = a o / a ,  , ~= 1. (11)  h , ( z )  - 1 +~Lz' 
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Ignoring the trivial case # = i, this function is analytic in ]zl < 1, takes ]z] ~ 1 con- 
formally onto itself, and maps I z l = r <  i onto a circle with center on the positive 
real axis, so that the theorem is valid for h~(z). Now let us suppose that each h ~ C .  
satisfies a), b), and c). The same is then true for zh(z) ,  and, by the above-mentioned 
properties of (I I), also for 

~l + zh (z) 
(12) 1 ~,uzh  (z) ' 

with any 0~/~ -< I. We complete the induction by showing that any h,+tEC.+~ can 
be so represented. For we can write h,+~ in the form (12) by setting 

h . + l ( z ) - ~  
(13) h(z)  ~ z( I -#h .+~(z) )"  
If  

a o + a l z + . . . + a . + t - ~  +t 
h,,+l(z) = a . + l + a . z + . . . + a o z , , + t  , 

with {al} positive monotone sequence, we set 

/ < 1  12 ~ -  a 0 a n + l  ~ , 

and substitute into (13), obtaining 

with 

bo + b lz  + ... + bnz" 
h (z )  = b . + b . _ I z + . . .  +boz" ' 

b i ~ ai+xan+ 1 - a n _ i a  o ~= O, 0 <= i <= n. 

From the monotonicity of {ai} it follows that a~+2-ai+~ =>0, while a._ i_ ~-a._i_~O. 
hence 

a o ( a . - i - l - a , - i )  ~ a .+l (a i+2-a i+O,  - 1  ~ i <= n - l ,  

or, equivalently, bi<-_bi+l, O<=i<=n-1. Thus hEC. ,  and consequently, by means of 
the representation (12), C,+~ inherits from C, properties a), b), and c), as was to be 
shown. II 

Corollary 1. With h. as in (10) ,  the equation 

(14) h . ( x ) = x  ° 

has at most one solution in 0 ~ x <  1 when 0>0,  and h , ( x ) <  x ° there when 0<=0. 

Proof. By Theorem l, h, (x)  coincides with the maximum modulus of a function 
analytic in [z[ <= 1, and so, by Hadamard's three-circle theorem [2, p. 173], log h. (x)  
is an increasing convex function of  log x, 0<-x ~ _ 1. Thereupon, letting y = l o g  x. 
and f ( y ) = l o g  h.(x) ,  (14) becomes 

(15) f ( Y ) - o ,  y<-O ,  
Y 
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w i t h f ( y )  an increasing convex function ofy .  But f ( 0 ) = 0 ,  hence, for y <  0, 

y o 

f ( y )  _ l f f , ( t ) d  t -  I f f ' ( t)dl ,  
Y Yo -Y~. 

wi th f ' ( t )  positive, and increasing by the convexity o f f .  Thus the quotient represents 
an average of  an increasing function, hence itself increases monotonically as a function 
o f y  (between 0 at y = - ~  and f ' ( 0 )  at y = 0 ) ,  so that (15) can have at most one 
solution for 0>0 .  For 0=<0, h , ( x ) - x  ° is an increasing function, vanishing at .x': I. 
hence is negative in 0 ~ x <  I. I 

Corollary 2. With 0 < a o ~ . . . ~ a ,  and v>0,  the equation 

(16) ao+alx+.. .  +anx" = xO 
v + a  k + a  k _  i x  + . . .  + a0x" 

has exactly one solution in 0 <-_ x < 1 when 0 > 0, and no solutions there when 0 ~ O. 

Proof. Let p(x )=ao+alx+. . .+anx"  and q(.~-)=a,+an_ix+...+ao.~ ~'. Equiva- 
lently to (16), we consider x - ° p ( x ) - q ( x ) = v ;  this has one solution for each v:>0 if 
and only if x - ° p ( x ) - q ( x )  is a monotonic function o f x  where it is positive. By Co- 
rollary 1, if 0~_0, x - ° p ( x ) - q ( x ) < O  in 0 ~ x < l ,  while if 0~n ,  x - ° p ( x ) - q ( x )  
evidently decreases for x > 0 .  We therefore restrict to the remaining case, 0<  0<n .  
Since 0 > 0  and a0>0, x - ° p ( x ) - q ( x ) -  ~ as . v - 0 + ,  and has at most a singlezero 
in 0 < x <  ! by Corollary I. Therefore x -Op(x ) -q ( x )  is positive in a single interval 
I c [ 0 ,  i], having x = 0  as its left endpoint. Moreover, since ( n - 0 ) > 0 ,  ( 1 - x  "-°) is 
positive in 0 < x <  I, approaching 1 and 0 at the endpoints. Now in Corollary I let 
us replace a,, by a,+v, noting that a , _ ~ a , , + v  since v>0.  We conclude that 

p (x) + vx" 
- -  X 0 

oq-q(x) 

has at most one solution, 0<_--x~ !, or, equivalently, that the equation 

(17) x - ° p ( x ) - q ( x )  = v ( I - x  "-°) 

has at most one solution in 0<=x< i. But this implies that x - e p ( x ) - q ( x )  is mono- 
tone for x6_l, else (since it approaches oo at x = 0 )  it must have a local minimum .¥o 
interior to 1. Then, by choosing v>0  so that (17) is satisfied at x0, we see that 
v ( l - x ~ - e ) - [ x - ° p ( x ) - q ( x ) ]  is positive in some neighborhood x o - e < x < x o ,  but 
is negative near x = 0, hence must have a zero in addition to x0. This means that (l 7) 
has at least two solutions, a contradiction which establishes the desired monotoni- 
city. | 

We can now return to the original problem and complete the argument. 

Theorem 2. Let a > 0, 0 ~ bj ~ . . .  =< b,, ~ I, and .£, be de.fined by (I). Then 

mini ,  : rain [I, (n + I)2-"~]. 

Proof. We recall the earlier discussion, which converted the problem of minimizing 
.~ by choice of  b to that of finding the least c for which the level cruve F~ of (8) inter- 
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sects A in tile range (7). Assume now that ~ <  I, and consider the level curve  El+A,  
which passes through the point (I .  0), corresponding to 2 = y / x = 0 .  By (9a), the 
slope of  F~+ A at this point is - ( I  +A)k .  while that of  A i s  - - ~  by (9b), since 
0----0. We assert that  for ¢ .... 1 +A,  F,. crosses A at most  once. For  supposing other- 
wise. let 2,, and 2~. with 0 < 2 , < 2 , < :  1, be the first two values o f  2 at which F,. and 
A cross. Since F~ lies below A at 2 = 0 ,  F c crosses A from below at 2 0` hence the 
slope of  F,. is lower than that of  A at 2, (more precisely, at some point  in an arbit- 
rarily small ne ighborhood of  2.). Analogously.  F~ crosses A from above at ,:.~, so that  
F¢. has larger slope than does A at 2t. Thus s ( 2 ) -  (slope o f  F~) - (slope o f  A) changes 
sign at least twice in the range 0<--2 < )q, hence must have at least two zeros there. 
But on inserting (9a) and (9b) into the definition o fs ( /d ,  we see by Corollary 2 that s 
vanishes only once, a contradiction. We conclude, firstly, that  Ft+a  crosses A at most  
once. Thus, letting (~2, ~) denote the point of  intersection, it follows that  g ( x , y ) ~  

1 + A  on the part  of  A where .x~-2. Moreover,  where x < 2 ,  each point  o f  A lies 
on a distinct F~, hence g(.v, y) increases monotonical ly  in x on the par t  o f  A where 
. \  -<C .Y. 

Consequently,  the minimum of  g(.v, y) over A in the range b~_k~.v occurs 
- -  b ~, at the right-hand end point x =  I if bi',-k~,~, and at the left-hand endpoint  x -  ,,-k 

otherwise; this corresponds to b =  1 and h=b,,_k, respectively, in (5). In the for- 
met  case, 

f,,(b, . . . . .  h,,_ k, h . . . . .  b: ~1 =./;,-k(bl . . . . .  h,_k: eL) 

and we repeat the argument  ; in the latter case. the naininaizing choice o f b  increases the 
number  o f  coincident {b,-} from the last k to the last k + 1. Continuing in this way, we 
see that at the last stage all the remaining b,. coincide, and equal either 1/2 or  1. Thus the 
possible minima o f f ,  are restricted to be eithe," I or  (k + 1)2 -k" for some k_-<n. But 
the ftmction log ( t +  I ) - / c ( I o g  2 is concave in t, with value 0 at t = 0 :  it therefore 
necessarily decreases where it is negative. It follows that  (k + 1)2 -k" is a decreasing 
function o f k  wherever it lies below I. Consequently,  we have min [1, (n + 1)2-"~1 
z--rain [1, (k + I)2-k~], for each k N n, and we conclude that, for c~< I, 

rain./',, = rain [I, ( n + l ) 2  -" ' ] ,  
(b  i ) 

as was to be shown. For  ~ -~ 1. 0 : -0  in (9b). "[he argument  just given then shows that  
A is below F~+A, and that each point o f  A lies on a distinct F c with c < l  +A .  Thus,  
on A, g(x,  .v) increases monotonical ly in _v, so that g(x ,  y) is invariably minimized at 
the left-hand endpoint ,  and m i n £ , = ( n + l ) 2  .... . II 
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